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Dynamic Contact Analysis of Laminated Composite
Plates Under Low-Velocity Impact

Nam Seo Goo* and Seung Jo Kirn1"
Seoul National University, Seoul, 151-742, Republic of Korea

Simple laws, such as the modified Hertz contact law, have been used to impose the dynamic contact condition
of composite laminates. However, these laws cannot account for span or thickness and stacking sequence of the
laminate when simulating the dynamic contact behaviors. Special attention is given to the dynamic contact analysis
of composite laminates under low-velocity impact as a precise method that can consider such parameters. To
simulate the dynamic behaviors of composite laminates by a rigid impactor, three-dimensional finite element
analysis is carried out. A formulation of the dynamic contact problem using the penalty finite element method
is summarized. For the static case, the contact force-indentation relations for composite plates are investigated
to reveal the contact behavior of composite plates and to point out the limitations of the modified Hertz contact
law. For the dynamic case, impact forces of a composite laminate predicted by the present method are compared
with the one by the modified Hertz contact law. Finally, impact behaviors of curved composite laminates, which
are important in real applications, are investigated. Impact force histories of curved composite laminates with
various curvatures and stacking sequences are presented. The results are compared with those of plates with the
same dimensions and stacking sequences. The effects of curvature on impact response of composite laminates are
presented.

Introduction

G ENERALLY, impact responses of composite laminates can
be described by solutions of dynamic contact problems. How-

ever, simpler methods have been used in most of the previous works.
The Hertz indentation law, which is a quasistatic contact force-
indentation relation, has been generally used for isotropic materials. *
For composite materials, spring-mass models, energy balance mod-
els, and assumed force models have been utilized as simplified meth-
ods to understand the qualitative features of impact event.2 Yang and
Sun3 revealed that both loading and reloading curves seem to follow
the 1.5 power law and the unloading curves follow the 2.5 power law
from the quasistatic indentation tests. This law, called the modified
Hertz contact law, has been applied to the study of low-velocity im-
pact by Tan and Sun4 and many other researchers. However, the law
cannot account for important parameters, such as stacking sequence,
span or thickness of the laminate, and friction.

Recently, Wu and Yen5 considered the effects of the material
properties, stacking sequence, span and thickness of the plate, and
indentor's size on the contact force-indentation relations and showed
that the modified Hertz contact law underestimates the contact force
for the same indentation and that contact force-indentation relations
are irrelevant to stacking sequence. Kim and Goo6 concluded that
impactor's shape has influences on the static and dynamic contact
behaviors between a rigid elliptic impactor and a composite laminate
by the penalty finite element method and that the modified Hertz
contact law cannot account for thickness effects of a laminate.

Real structures such as a section of laminated aircraft wing may
have curvature. Therefore, the study of impact behaviors of curved
laminates is important in real applications. Some studies have been
concerned with the impact behaviors of cylinders and cylindrical
shells.7"13 Kapania and Stoumbos7 made a rigorous review of the
impact responses of laminated shells.

In this study, three-dimensional dynamic contact analysis of the
composite laminate is carried out as a three-dimensional exten-
sion of the previous work.6 A formulation of the dynamic contact
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problem and its finite element approximation is introduced briefly.
As for static results, contact force-indentation relations for compos-
ite plates are investigated to reveal the contact behaviors of compos-
ite plates and limitations of the modified Hertz contact law. For the
dynamic case, the impact force histories of a composite plate by the
present method are compared with the one by the modified Hertz
contact law. Finally, impact force histories of curved composite lam-
inates with various curvatures and stacking sequences are presented
and are compared with those of plates with the same dimensions
and stacking sequences. The curvature effects on impact behaviors
of composite laminates are investigated.

Governing Equations
For completeness, this part is introduced from previous work.6
Consider an elastic body £2 with a boundary F impacted by a rigid

body R. This situation can be described by the following governing
equations and constraint equations:

pu-V*<r=f
u = u on
t = i on

in

and
un < s, on < 0

crn(un-s)=0 on Fc

<TT = 0

The initial condition is

w(0) = M0, «(0) = HO

(1)

(2)

(3)

where/, u, t, PC, n, and s are a body force, a displacement vector,
a surface force, a candidate contact area, an outward normal vector
on FC and a'contact gap, respectively; and

an =n • a -n, =n - —.crnn, un=u-n

The strain-displacement relation is

where superscript T indicates transposition.
The constitutive relation is

a =D e

(4)

(5)

(6)
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where e = [en, s22, £33, 723, fti, Yn]T =T = , £33, 2£23, 2s31,
2£i2]r are constitutive relations of composite laminates.

There are mainly two approaches to solve inequality-constrained
problems: the penalty method and the Lagrange multiplier method.
We adopted a penalty method because it does not introduce any new
degree of freedom as does the Lagrange multiplier method.

Using the exterior penalty method,14"17 the preceding equations
can be written in the following variational form:

pu - 8u dQ + a - 8u d£2

- /
JrF

t-8udS - I (un-s)+n>8udS
s Jrc

df =
J

(7)

where ty+(x)= maxf^OtXO} is a nondifferentiable function at
jc = 0 and s is supposed to be a small number or a penalty pa-
rameter. The last term in the left-hand side of Eq. (7) makes the
problem nonlinear. Then the normal stress on the contact boundary
can be obtained as

(8)

Rigid body dynamics is used for impactor. The contact force / be-
tween impactor and composite laminate can be sought by integrating
the contact stress over the contact boundary PC:

(9)

where iz is the Z-direction base vector.

Numerical Procedure and Verification
Eight-node incompatible elements are used for finite element

analysis. Incompatible modes are used to enhance the solution ac-
curacy in solving the bending problems.18"20 To pass the patch test,
Taylor's modification18 is adopted. A successive iteration method15

is used to deal with nonlinearity, which comes from contact con-
ditions. Relative error of displacement is used as a convergence
criterion. Note that the Gauss integration of nonlinear stiffness ma-
trix and force vector, KN and FN [see Eq. (21) in Ref. 21], leads
to the numerical instability of the solution.22 Instead of the Gauss
quadrature rule, the trapezoidal rule is adopted.

The discretized governing equations is integrated by the Newmark
constant-average-acceleration method with p = 0.5 and y = 0.25.
To describe the dynamic contact phenomena between impactor and
composite laminate, the equilibrium position of impactor and com-
posite laminate must be determined for each time step. In this work
the algorithm proposed in the preceding work6 is used.

Detailed finite element approximation and verifications of the
developed numerical code can be found in Refs. 21 and 23. The
following is presented as a typical example to verify the Hertzian
contact behavior.

Consider a steel plate (E = 210 GPa, v = 0.3) indented by a rigid
spherical indentor. The bottom of the plate is placed on a rigid
support. The size of the plate is large enough to reproduce an infinite
half-plane: 10 x 10 x 4 cm and R = 6.35 mm. Therefore, the contact
force / with respect to the indentation a can be determined by the
elastic contact law given as

/ = te* (10)

where the contact constant £iso for isotropic material can be given
as

where v is the Poisson ratio of the plate and E is Young's modulus
of the plate. R is the radius of the indentor.

For the finite element calculation, 900(15 x 15 x 4) finite ele-
ments are used for a quarter of the plate. The predicted contact
force was in excellent agreement with the Hertz contact law. (The
result is not given in this paper.)

Results and Discussions
Contact Force-Indentation Relations

In this section, the effects of the lamination pattern on the contact
force-indentation f-a relation of composite laminate are exam-
ined. The 50 x 32 x 2.7 mm plate, which has the same dimension
and boundary condition (fixed at two edges) as Yang and Sun's3

experiment, is selected. The lamination patterns of the plate are
[02o], [9020], [05/905L, [905/05L, and [455/-455],. The lamina-
tion pattern in Yang and Sun's3 experiment is [0/45/0/—45/0]2>y.
The mechanical properties are £i = 120 GPa, E2 = 7.9 GPa,
Gn = 5.5 GPa, and v\2 = v23 = 0.3, and the radius of the indentor
is R = 6.35 mm.

In the following discussions, the indentation a is defined as

a = W(XQ, y0, -h/2) - W(XQ, yQ, h/2) (11)

where w is the vertical displacement of the plate, jc0, }>o is the center
point of contact, and h is the thickness of the plate.

For the finite element calculation, a total of 900 (15x15x4)
finite elements is used for a quarter of the plate. Figure 1 shows
the finite element calculation of contact force-indentation relation.
From Fig. 1, it is observed that when the indentation is small, all lam-
ination patterns, except [45$/ — 45s]s, have similar f-a relations.
In particular, [020] and [05/905].y laminates have the same tendency.
However, as the indentation increases, the f-a relation becomes
different for different ply sequences. It can be concluded that the
f-a relation of the composite plate is influenced by the lamination
pattern, whereas Wu and Yen5 showed that the f-a relations were
not influenced by the ply sequence.

Now let us investigate limitations of the modified Hertz contact
law.

A 50 x 32 x 2.54 mm plate made from T300/934GFRP (graphite
fiber reinforced plastic)24 is considered. The mechanical properties
of T300/934 GFRP are EI = 145.4GPa, E2 = 9.997 GPa, Gn =
5.689 GPa, and v12 = v23 = 0.3, and the radius of the indentor
is # = 6.35 mm. Five ply sequences, [Oi6], [90i6], [04/904L,
[904/04]y, and [454/—454},, are considered. The contact force-
indentation relation given by the modified Hertz contact law is given
by

== Af -Hertz = 7 V RE2 (12)

where E2 is Young's modulus in the transverse direction. In Fig. 2,
the f-a relations of [Oi6], [04/904L, and [904/04L are almost the
same, and they are different from those of [90i6] and [454/—454]>y.

Note that the modified Hertz contact law underestimates the con-
tact force for the same indentation. This is because the Hertz contact

0.0 -ihrrr \
0.00 0.16

INDENTATION (mm)
Fig. 1 Effect of lamination pattern on contact force-indentation rela-
tion of the composite plate used in Yang and Sun's experiment.3
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Fig. 2 Contact force-indentation relation of a T300/934 composite plate
compared with the modified Hertz contact law.

law is derived from the infinite half-space and cannot account for the
thickness effects.6 Also, note that the f-ot relation by the modified
Hertz contact law is independent of the lamination pattern.

Impact Responses of Flat and Curved Composite Laminates
In this section, two problems, penalty parameter convergency

of impact response and comparison of the present result with the
one using the modified Hertz contact law, are considered. Then, the
impact responses of curved composite laminates are presented using
dynamic contact analysis.

In general, the penalty parameter denotes the degree of constraint
imposition on a system. Although the penalized solution approaches
the exact solution for an infinitely small number of penalty param-
eters in the mathematical sense, it is observed that a small number
of penalty parameters leads to numerical instability.25-26 Therefore,
the penalty parameter s must be an adequately small number so
that the violation of the constraint is sufficiently penalized while
ensuring that numerical instability does not occur. Roughly speak-
ing, the penalty parameter of the present study can be determined
by comparing an effective stiffness matrix and a nonlinear stiffness
matrix [see Eq. (30) in Ref. 20]. In the first problem, an appropriate
range of penalty parameters for the impact analysis is proposed by
numerical experiment.

To this end, an 8 x 8 cm laminate with [08/908] lamination
pattern is used. The boundary condition is simply supported on
all edges. The mass, velocity, and radius of impactor are 2.9 g,
5 m/s, and 6.35 mm, respectively. Again T300/934 GFRP is used,
and the mechanical properties are as in the preceding section and
p = 1536 kg/m3. A total of 450 (15 x 15 x 2) finite elements and
a l-jj,s time step size are used. Figure 3 shows the impact responses
for five penalty parameters: KT11,10~12, 10~13,10~14, and 10~15.
From the results, impact responses are converged for the penalty
parameters less than 10~13. The present algorithm is not sensitive
to penalty parameter as long as it is less than 10~13.

In the second problem, an impact response of the composite
laminate by the present method is compared with the one us-
ing the modified Hertz contact law. A 10.16 x 7.62 cm laminate
with [03/905}y lamination pattern is impacted by the impactor,
whose mass and velocity are 0.16 kg and 3.38 m/s. The laminate
is fixed at two edges. T300/976 GFRP is used. The mechanical
properties are E\ = 156.0 GPa, E2 = 9.09 GPa, Gn = 6.96 GPa, and
^12 = v>23 = 0.4, and the radius of the impactor is R = 6.35 mm.

For the finite element calculation, only a quarter of the plate is
considered (due to symmetry) and a total of 900 (15x15x4) finite
elements and a 10-/zs time step size are used. The penalty parameter
is 10~13. Impact responses using the present method and the three-

oocroo Penalty=l.E-ll
Penalty=l.E-12
Penalty=l.E-13
Penalty=l.E-14
Penalty=l.E-15
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Fig. 3 Penalty parameter convergency: time vs impact force history
of central transverse impact on a simply supported [08/90g] composite
plate.
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Fig. 4 Finite element calculation of the impact force of a T300/976
[03/90s]v composite laminate due to low-velocity impact compared with
the result using modified Hertz contact law.

dimensional finite element calculation in conjunction with modified
Hertz contact law are given in Fig. 4. The result by the modified
Hertz contact law is from our previous work.27 There are two main
reasons why the two results differ. The first is the limitation of the
modified Hertz contact law. The modified Hertz contact law cannot
account for the thickness and the ply layup effect; the impact force
history obtained using the modified Hertz contact law, thus, may
differ from the real situation. The second is the use of the quasistatic
contact law. Recent work revealed that the quasistatic f-ot relation
(contact law) has some discrepancy with the dynamic f-a relation
in predicting the impact force history of a composite plate.28 This is
due to the dynamic effect of the impact phenomenon, and it shows
the limitation of the static contact law in impact analysis. We believe
that three-dimensional dynamic contact analysis, which does not
require a contact law, gives a better solution of the low-velocity
impact problem, although the quasistatic contact law in conjunction
with three-dimensional finite element or plate theory can predict the
impact force history fairly accurately.
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Fig. 5 Effect of curvature on time vs impact force history of a
[04/904/904/04] composite laminate impacted by an impactor: mass,
30 g and velocity, 15 m/s.

Finally, impact responses of curved composite laminates are in-
vestigated using the dynamic contact analysis.

For the numerical calculation, a cylindrical panel, whose pro-
jected shape is a square with the dimension length L = width W = 8
cm, is used. The four radii of curvature, R/W=l,4, 8, and oo
(plate), are considered. The lamination pattern is [04/904/904/04].
The laminate is simply supported on all edges, and the velocity of
an impactor is 15 m/s. The kinetic energy is 3.375 J. The mechan-
ical properties of T300/934 GFRP are used, and the radius of the
indentor is R = 6.35 mm. A quarter model with 900 (15 x 15 x 4)
elements and a 5-/xs time step size are used.

Figure 5 shows the impact responses of the curved composite lam-
inate according to the curvatures. As curvature decreases (or R/ W
increases), the responses return to those of the plate. However, for
R/W = 1 and 4, the impact force history becomes different from
that of the plate, or a single contact exists. As curvature increases, the
maximum magnitudes of the contact forces become higher. From
these results, it can be stated that the curved composite laminates
demonstrate stiffer behavior than the plates, as physical intuition
suggests.

Conclusions
The impact behaviors between a rigid impactor and a compos-

ite laminate are described by the solutions of the dynamic contact
problem. The problem is solved by using the penalty finite element
method. For time integration, the Newmark method is used, and for
nonlinear analysis, the successive iteration method is adopted. An
algorithm is used to determine the equilibrium position of a rigid
impactor and a composite laminate at each time step. After veri-
fying the developed code, static and dynamic contact behaviors of
composite laminates are investigated. The relations of contact force
and indentation of composite laminates are influenced by the lam-
ination pattern. The modified Hertz contact law cannot account for
the thickness effect and lamination patterns. But the present method
can consider the thickness effect and lamination pattern, and it can
be concluded that the dynamic contact analysis can describe the
impact response of composite laminates more accurately. From the
impact analysis of a curved composite laminate, it is noted that
the impact forces of a curved composite laminate become higher as
the curvature increases. Special attention must be given to the design
and maintenance of structures made of curved composite laminates.
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